Coupling, synchronization, and non-linear dynamics of resonator modes are omnipresent in nature 1 and highly relevant for a multitude of applications ranging from lasers to Josephson arrays and spin torque oscillators. Nanomechanical resonators are ideal candidates to study these effects on a fundamental level [2][3][4][5][6][7] and to realize all-mechanical platforms for information processing 8-10 and storage 11,12 . For larger resonator networks, however, this requires the ability to tune the mode frequencies selectively and to operate the resonators in the strong coupling regime. Here, we present a proof-of-principle realization of a resonator network consisting of two high-quality nanostring resonators, coupled mechanically by a shared support. First, we demonstrate that we can control the fundamental mode frequencies of both nanostrings independently by a strong drive tone resonant with one of the higher harmonics of the network, rendering local control gates redundant 13 . The tuning mechanism relies on an effective increase of the pre-stress in a highly excited nanostring, known as geometric nonlinearity. Using this selective frequency control of the individual nanomechanical resonators, we investigate the coherent dynamics of the resonator network, which is a classical model system showing several of the characteristic features of strongly coupled quantum systems. In particular, we demonstrate mode splitting, classical Rabi oscillations, as well as adiabatic and diabatic transitions between the coupled states representing the classical analog of Landau-Zener tunneling. Therefore, this coupling and tuning concept opens the path to a selective phonon transfer between two spatially separated mechanical resonators.
Information processing and storage in a network of mechanical resonators 8, 14, 15 requires the control and targeted transfer of phonons between different resonators. In particular, the ability to independently address and tune the individual mechanical resonators is a key requirement for multi-resonator networks. Here, we employ a simple scheme for tuning the eigenfrequency of multiple nanostring resonators on a chip individually via a globally applied drive. Based on the geometric nonlinearity of tensile stressed nanostring resonators, we make use of a higher-mode excitation to modify the effective stress in the nanostring without any local control gates. Tuning the mechanical mode frequency in this way does not affect the readout signal-to-noise ratio or contribute additional damping mechanisms. This allows the operation of nanostring resonators with constant and high Q-factors over a tuning range of tens of kHz.
In our experiment, we control the effective stress in the nanostring by strongly driving an auxiliary mode (here we use the second-order mode, n = 2) at frequency Ω aux (see also Refs. 3, 16) . For large excitation amplitudes, the effective length of the nanostring increases, which corresponds to an effective increase of the tensile stress and a shift of the nanostring's eigenfrequency. We operate the a) Electronic mail: huebl@wmi.badw.de auxillary mode in the Duffing regime, where its amplitude is tunable via the drive frequency 5 . Thus, the resonance frequency of the fundamental mode is controlled by varying the drive frequency of one of the higher harmonics of the same nanostring. A quantitative analysis (see Supplementary Information) shows that the shift of the fundamental frequency ∆Ω m is related to the auxillary drive frequency Ω aux (independent of the auxillary mode index n) by
Here, Ω m and Ω m,n are the eigenfrequencies of the fundamental and auxillary mode of resonator m.
Besides the frequency tunability of individual resonators, the ability to coherently transfer information between resonators is a key requirement for the implementation of mechanical resonator networks. Here, we investigate two l = 40 µm long, tensile stressed silicon nitride nanostring resonators, coupled mechanically by a shared support (see Fig. 1a ). The two resonators show slightly different eigenfrequencies Ω by a piezoelectric actuator. For the readout of the mechanical displacement, we employ optical laser interferometry as sketched in Fig. 1a (cf. e. g. Ref. 18) . By focusing the laser spot on one of the two nanostrings, we selectively measure its displacement as a function of time, giving access to the dynamic evolution of the coupled system as well as its thermal motion spectrum. All experiments shown here are performed at room temperature. • ) and schematic illustration of the experimental setup. The two nanostrings are mechanically coupled by a shared support which is partially suspended. The whole chip is mounted on top of a piezoelectric actuator, which is driven with two radio-frequency tones: a strong continuous auxillary drive (which is used to tune the eigenfrequency of nanostring A) and a pulsed drive (used to excite nanostring A or B). For readout of the mechanical motion, a laser (λ = 633 nm) is focused either on nanostring A or B. The reflected laser light is guided to a photodetector, filtered, amplified and detected with a spectrum analyzer or a digitizer card. b. Thermal motion spectra obtained by focusing the laser on nanostring A (red circles) or nanostring B (black circles) without an auxillary drive applied.
Figure 1b displays the measured thermal motion spectra when probing nanostring A (red circles) and B (black circles) without applying any drive. Here, the frequency detuning of the two nanostrings is much larger than the coupling rate, resulting in two well separated resonances at frequencies Ω Next, we show that the nanostrings can be tuned in resonance using the above described tuning mechanism. To this end, we employ a strong auxillary drive via the piezoelectric actuator, exciting the second-order mode (auxillary mode) of nanostring A. Figure 2a shows the amplitude spectrum of the auxillary mode for a strong coherent drive. As expected for a Duffing oscillator with positive cubic nonlinearity, we observe an increase of the effective resonance frequency for strong drive amplitudes. The displacement x aux of the auxillary mode is related to the drive frequency via x aux ∝ Ω aux − Ω A,n=2 (Ref. 5) , where Ω A,n=2 is the eigenfrequency of the auxillary mode. We use this well-known behavior to tune the eigenfrequency of the fundamental mode. To this end, we measure the thermal motion spectrum of the fundamental outof-plane mode of nanostring A as a function of the auxillary drive frequency Ω aux , as shown in Fig. 2b . We use a constant auxillary drive amplitude and gradually increase the frequency Ω aux , starting slightly below Ω A,n=2 . While for Ω aux < Ω A,n=2 , the auxillary mode amplitude is small and hence the fundamental mode frequency is nearly constant, the tuning effect is clearly visible for
Γ A,n=2 (where Γ A,n=2 /2π ≈ 220 Hz is the linewidth of the auxillary mode). Here, the fundamental mode frequency quantitatively follows our model depicted as green dashed line in Fig. 2b . Figure 2c ,d shows that the linewidth and the signal amplitude of the fundamental mode are not affected by the auxillary drive, enabling a high signal-to-noise ratio and maintaining an excellent and constant mechanical quality factor over the full frequency tuning range.
Around Ω aux − Ω A,n=2 ≈ 2π × 25 kHz, we observe an avoided crossing of the two fundamental out-of-plane modes of nanostring A and B, with a mode splitting g/2π = 830 Hz. Even though the coupling rate g is small compared to the eigenfrequencies of the modes, the nanostrings are deeply in the strong coupling regime due to their small damping rates Γ A,B
g. This allows investigating the coherent dynamics of two spatially separated, mechanically coupled nanostring resonators including the exchange and controlled transfer of excitations. Theoretically, our system can be described as a fully classical two-level system with negative linear coupling between the amplitudes of the two nanostring resonators (see Supplementary Information) .
We start with the coherent oscillatory exchange of excitations between the fundamental out-of-plane modes of nanostring A and B, the classical analog of Rabi oscillations in a quantum two-level system (see also Refs. 10, 19) . We initialize the system by exciting the lower mode resonantly with a short pulse of duration t p and amplitude V p as sketched in Fig. 3a . In a singleshot experiment, we measure the displacement of nanostring A as a function of time, followed by digital downconversion and low-pass filtering. This allows to study the time evolution of the energy stored in this resonator, which is proportional to the square of its motional amplitude.
In Fig. 3b , the squared oscillation amplitude of nanostring A is plotted versus time as a function of the eigenfrequency Ω A . We can distinguish two regimes: For Ω A −Ω B −g, we find a simple exponential decay of the excitation of nanostring A. When both modes are close to resonance, we observe a coherent oscillation of the energy stored in the mechanical motion between both nanostrings. On resonance, this oscillation frequency is given by the coupling constant g. For higher Ω A − Ω B , the signal vanishes as the lower mode now corresponds to nanostring B; thus the excitation pulse of the initialization sequence is mainly localized in nanostring B. This qualitative picture is quantitatively corroborated in Fig. 3c showing a numerical simulation of the dynamics of this classical two-level system (for details see Supplementary Information).
For information processing with phonons, targeted phonon transfer between coupled mechanical resonators is required 9,21 . We perform a classical Landau-Zenertype experiment 22 , demonstrating this ability in our mechanically coupled nanostrings. Using a short excitation pulse, we initialize nanostring A and subsequently increase its eigenfrequency with constant ramp rate ζ from Ω Fig. 4a .
In analogy to quantum mechanical Landau-Zener transitions, we expect the final state of the system to depend on the frequency ramp rate. For slow tuning of nanostring A, ζ ζ tr = πg 2 /(2 ln 2) (Ref. 22), the system adiabatically follows the lower branch of the mode splitting as sketched in Fig. 4b and ends up in state (1) corresponding to an excitation of nanostring B. Thus, the energy stored in nanostring A is fully transferred to nanostring B. For fast frequency ramps, however, the diabatic behavior dominates and the system passes the transition region without energy transfer. Figure 4c ,e shows the time evolution of the energy stored in nanostring A and B as a function of the frequency ramp rate ζ. To take these data, we have performed the experiment twice while probing nanostring A or B, respectively.
For very fast frequency ramps (ζ > ζ c ≈ 20 kHz/ms), the bandwidth of the auxillary mode limits the speed of the Duffing response and in particular prevents sustained large amplitude oscillations required for the frequency tuning mechanism. Therefore, the fundamental mode becomes independent of the auxillary drive and we observe a simple exponential decay of the energy stored in nanostring A. This sets the upper limit of the applicable frequency tuning rate ζ. To circumvent this limitation in future experiments, a higher damping rate of the auxillary mode is desirable. This can be realized either by choosing a higher mode index for the auxillary mode 23 or by mode engineering (see e. g. Refs. 24, 25) .
For frequency ramp rates below ζ c , the fundamental mode's eigenfrequency follows the auxillary drive frequency and reaches the resonance condition Ω A = Ω B at time t s (ζ), indicated by the dashed green line in Fig. 4c-f . Around t = t s , the nanostrings interact with each other, with the final state depending on the frequency ramp rate ζ.
In the case of small ramp rates (ζ ζ tr ≈ 10 kHz/ms), we observe a distinct excitation transfer from nanostring A to B. For ζ ≈ ζ tr , the excitation is only partially transferred to nanostring B, i. e. the system is in the transition region between adiabatic and diabatic behavior. For ζ > ζ tr , the excitation mainly maintains in resonator A as expected. Besides, the described overall behavior is superimposed with interference effects stemming from coherent Rabi-like oscillations between nanostring A and B around t = t s . Yet, all these features are quantitatively explained by numerically solving the equations of motion with the system parameters determined above (Fig. 4d,f) . Note that there are no free fit parameters in this model (for details see Supplementary Information).
In conclusion, we demonstrate coherent dynamics in a system of two spatially separated, high-Q nanostring resonators coupled by a shared support. For frequency tuning of the resonators, we use a globally applied coherent driving force. This technique, which is based on the geometric nonlinearity of tensile stressed nanostrings, allows to address individual resonators on a single chip independently without the use of local control gates. Hence this work presents a promising approach for the efficient manipulation of multiple coupled nanostring resonators and opens the path towards targeted transfer of excitations in phonon networks. Landau-zener-stückelberg dynamics in an optomechanical system. Physical Review A 81, 011801 (2010). The sample was fabricated from a single-crystalline silicon substrate, covered with a 90 nm thin tensile-stressed silicon nitride film. Using electron-beam lithography, aluminium evaporation and lift-off, the l = 40 µm long and 120 nm wide nanostrings and their supports were defined. The pattern was transferred to the silicon nitride film by anisotropic reactive ion etching (RIE) with an Ar/SF 6 process. Using a subsequent isotropic RIE step with SF 6 only, the nanostrings were released. In this step, the etching time was chosen in a way that the shared support remained weakly connected to the substrate. In the final cleaning procedure, the aluminium hard mask was removed.
b. Experimental setup
The sample was mounted on a piezoelectric actuator, which was connected to two radio-frequency sources. The first source was continuously driving the auxillary mode (in order to tune the resonance frequency of nanostring A), the second source was used to excite one of the coupled modes with short drive pulses. To avoid air damping of the mechanical motion, the sample was operated in vacuum (p < 1 × 10 −4 mbar). For readout of the nanostring motion, we used a laser interferometer with a HeNe laser (2.2 mW, λ = 633 nm) focused on one of the two nanostring resonators. Direct optical access to the sample via an integrated microscope allowed to precisely focus the laser on the desired position and thus detect the motion of both nanoresonators individually. The reflected laser light was guided to a biased silicon photodetector. The measured photovoltage was lowpass-filtered, amplified and recorded with a spectrum analyzer or a digitizer card (sampling rate: 100 MHz).
c. Data post-processing and amplitude calibration
The time-domain data were digitally downconverted, downsampled and lowpass-filtered (cutoff frequency: 25 kHz). For calibration of the auxillary mode displacement amplitude (see Fig. 2a ), we measured the response spectrum of this mode for increasing drive amplitude and fitted the shift of the effective resonance frequency to the expected backbone curve (similar to Ref. S1). The relevant material parameters (density and Young's modulus of the silicon nitride film) have been taken from Ref. S1. To determine the thermal motion amplitudes of nanostring A and B (Fig. 1b) , we used a calibration based on the equipartition theorem S2 .
B. DUFFING NONLINEARITY AND EFFECTIVE ELONGATION OF A HIGHLY EXCITED NANOSTRING
In this section, we relate the Duffing nonlinearity of a tensile stressed nanostring resonator to material and geometry parameters. Besides, we derive an expression for the effective (i .e. time-averaged) elongation of the nanostring when one of its higher-order modes is excited. These relations are used in Sec. C for a quantitative description of the eigenfrequency tuning mechanism.
For a highly tensile-stressed nanostring, the displacement x as a function of the coordinate along the nanostring axis, η, can be well approximated by
where n is the mode index, x 0,n is the displacement at the center of the nanostring and l denotes the length of the string.
A non-vanishing displacement x 0,n induces an elongation of the string according to
This elongation increases the tensile stress σ along the string axis,
where σ 0 and E denote the pre-stress and Young's modulus of the nanostring. Substituting this into the equation of motion of a tensile stressed nanostring S4 ,
where ρ is the material density, yieldsẍ
Thus, the elongation of the displaced nanostring leads to an additional term in the equation of motion which is proportional to x 3 (t). This geometric nonlinearity can be described by defining the nonlinearity parameter α n as
With this, the Equation of motion (S2) takes the standard form of a Duffing oscillator
with the Duffing parameter α n and the resonance frequency Ω n = nπ/l σ 0 /ρ. For tuning the eigenfrequency of the nanostring by exciting a higher-order auxillary mode, the effective (i. e. timeaveraged) elongation of the string, caused by the auxillary mode, is of interest. Time-averaging Eq. (S1) yields:
Here, we have used the harmonic time-dependence x(t) ∝ exp(iΩ n t). We will use Eq. (S4) in the following to quantitatively describe the eigenfrequency tuning mechanism.
C. QUANTITATIVE DESCRIPTION OF THE EIGENFREQUENCY TUNING MECHANISM
To tune the eigenfrequency of individual nanostrings in a resonator network, we use the geometric nonlinearity of tensile stressed nanostring resonators. We drive a higher-order mode to a high amplitude state using a globally applied strong coherent driving force. This leads to an effective elongation of the string, which increases the tensile stress and thus the eigenfrequency of the fundamental mode. In this section, we derive a quantitative description of this mode tuning effect and relate the eigenfrequency shift to the auxillary drive frequency.
The resonance frequency of the fundamental mode of a highly tensile stressed nanostring resonator (called resonator m in the following) can be well approximated by
with the length l of the nanostring, the density ρ and the pre-stress σ (Ref. S7) . A static elongation ∆l of the nanostring modifies the pre-stress according to
where E is Young's modulus. The resonance frequency is then given by
To generate such an effective static elongation ∆l, we apply a strong drive to excite the n th -order mode (auxillary mode) of the nanostring. For a given amplitude of the auxillary mode oscillation, x aux ≡ x 0,n , the effective, i. e. timeaveraged, elongation is (see Eq. S4)
With this, the relative eigenfrequency change is
Next, we relate the auxillary mode amplitude x 0,n to the auxillary drive frequency Ω aux . To this end, we start with the amplitude spectrum of a Duffing oscillator, which is given by the implicit equation
Here, Ω m,n and Γ n are the eigenfrequency and (FWHM) linewidth of the n th -order mode and Ω aux is the excitation frequency. F 0 , m and x 0,n denote the driving force, the effective mass of the nanostring and the amplitude of the excited auxillary mode. The Duffing nonlinearity α n is related to material parameters via (see Eq. (S3))
In case of high amplitudes (x 3 0,n 4F 0 /(3α n m)), Eq. (S6) can be simplified to
which holds for x 0,n ≤ F 0 /(Γ n mΩ m,n ). Note that this relation is independent of the driving force F 0 , thus the amplitude x 0,n only depends on the excitation frequency Ω aux . Substituting this into Eq. (S5) and using Eq. (S7), we obtain
Remarkably, the prefactor 2/3 is independent of the mode index n of the auxillary mode. Equation (S8) illustrates that the fundamental mode frequency -or any other mode's eigenfrequency -can be controlled by a strong external drive with tunable frequency Ω aux . Please note that the bistability of the highly excited auxillary mode requires an initialization of the auxillary mode at Ω aux ≈ Ω m,n and a subsequent continuous sweep of the auxillary drive frequency to the target value Ω aux .
D. COUPLED NANOSTRINGS: EQUATIONS OF MOTION AND MODE SPLITTING
To describe our system of two coupled nanostring resonators, we follow the derivation given in Refs. S8,S9. We start with two harmonic resonators with (undisturbed) resonance frequenciesΩ
Assuming a linear coupling between the resonators, the equations of motion read
Due to the geometry of the shared support, the coupling parameter k g is negative. This means that a positive displacement of nanostring A results in a negative force on nanostring B, leading to a negative displacement of nanostring B.
We search for solutions of the form x m (t) = x 0 m exp(iΩ ± t) (m = A, B). Substituting this ansatz into Eqs. (S9), we obtain the resonance frequencies of the hybrid states
. As we are dealing with two nearly identical nanostring resonators, we set m A = m B ≡ m, k B ≡ k and k A = k + ∆k with ∆k k. In this case, g 2 ≈ k 2 g /(mk). In our experiment, ∆k can be tuned via an external control parameter. For |∆k| k g , the resonators A and B are nearly uncoupled and the mode frequencies Ω ± correspond to the bare mechanical frequencies Ω A and Ω B . If the modes are tuned close to resonance (|∆k| k g ), the coupling leads to a hybridization of the modes and a modification of the mechanical eigenfrequencies. For ∆k = 0, we obtain a mode splitting Ω + − Ω − = g.
Using the measured thermal motion spectra shown in Fig. 2b (main text), we find g/2π = 830 Hz, Ω In this section, we model the coherent oscillation of excitations in the coupled nanostring system (classical Rabi oscillations). Adding a linear damping term and an external coherent drive to the Equations of motion (S9), we obtain
In the following, we set Γ B = Γ A ≡ Γ and use m A = m B ≡ m, k B ≡ k and k A = k + ∆k as detailed above.
For the investigation of Rabi oscillations, we excite the lower mode of the coupled nanostring system with a short coherent radio-frequency pulse, F drive (t) = F 0 exp(iΩ p t) (0 < t < t p ). The drive frequency corresponds to the lower mode's eigenfrequency, Ω p = Ω − . Note that in the experiment, we drive the nanostring motion with a piezoelectric actuator, so the driving force acts on both nanostrings equally.
We are looking for solutions of the form x m (t) = x 0 c m (t) exp(iΩ p t) with |c A | 2 + |c B | 2 = 1. Substituting this ansatz into Eqs. (S11), we obtain 
Here, θ(t) denotes the Heaviside step function. For weak coupling |k g | k, the oscillation of the coefficients c m (t) is much slower than the oscillatory term exp(iΩ p t). Therefore, we can neglect the second derivatives in Eqs. (S12) and obtain (2iΩ p + Γ)ċ A + (Ω Using this set of equations and the experimentally determined parameters (see Eqs. (S10)), we can quantitatively reproduce the experimental findings as Fig. 3 (main text) illustrates.
F. LANDAU-ZENER TRANSITIONS
In the Landau-Zener-type experiment, we start with the two mechanical modes far off resonance, Ω A (t = 0) − Ω B −g. We excite nanostring A (corresponding to the lower mode) with a short coherent pulse (length t p , frequency Ω p = Ω 
where we have defined F (t) = (iΩ A t + iΩ A ) 2 + 2iΩ A + Γ(iΩ A t + iΩ A ) G(t) = 2i(Ω A t + Ω A ) + Γ.
Again, we have neglected the second derivatives of c A and c B as justified above. Numerical solution of Eqs. (S13) yields Fig. 4d ,f (main text), which is in very good agreement with the experimentally determined behavior of the coupled nanostring system.
